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Topological signatures of spreading dynamics on the brain connectome, so-called brain chains,
distinguish subtypes of Alzheimer’s disease. The underlying observable, the discrete homotopy
distance between trajectories, is defined through a poset H(IN) whose size grows super-exponentially
in the number of nodes N, rendering direct computation infeasible at connectome scale. We prove
that this distance attains its natural lower bound, the number of positions in which two trajectories
differ, if and only if the trajectories are interleaved. Interleaving is a coherent alternation condition
testable in O(n) time directly from the two trajectories, with no construction of H(N). We give an
equivalent discrepancy-set formulation and show that the criterion uses only the covering relations
along the two chains, so it holds for arbitrary saturated chains of equal length. We demonstrate
scaling to N ~ 90, where full poset construction is impractical. The result converts a global,
super-exponential computation into a local, linear-time test for the tightest and most common case.

I. INTRODUCTION

Complex networks provide a unifying language for
physical, biological, and social systems, and a central
theme in their study is how the structure of a network
constrains the dynamics it supports [2]. In neurodegen-
eration, the progression of Alzheimer’s disease can be
read off the way pathological load spreads over the struc-
tural brain connectome. Recently, Goodbrake et al. [1]
showed that a topological encoding of this spreading, the
notion of brain chains, yields equivalence classes that dis-
tinguish distinct simulated disease subtypes. The object
underlying these signatures is a graded poset H(N): the
spanning subgraphs of the complete graph on N nodes,
quotiented by homotopy equivalence and ordered by in-
clusion of homotopy type. Trajectories of the dynamics
correspond to maximal chains of H(N), and the dissimi-
larity of two trajectories is measured by the discrete ho-
motopy distance dy; between the corresponding chains.

The bottleneck is computational. Evaluating dy
as originally defined requires building the entire poset
H(N), whose size grows super-exponentially in NV; direct
computation is already onerous near N ~ 20 and hope-
less at the scale of a full connectome (N = 83). This is a
familiar obstruction in complex-systems physics: a phys-
ically meaningful observable is defined through a global
construction that does not scale. A natural question is
whether the observable can be certified locally, from the
two trajectories alone, without materializing the global
state space.

Here we answer this in the affirmative for the tight-
est and most common case. The distance dy is bounded
below by the number of positions at which two chains
differ; we prove that this bound is attained exactly when
the chains are interleaved, a coherent alternation condi-
tion checkable in O(n) time directly from the two chains
(Theorem 1 and Algorithm 1). We give an equivalent for-
mulation in terms of the discrepancy set, note that it uses
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only the covering relations along the chains and hence
extends beyond graded posets, validate the characteriza-
tion by exhaustive brute-force computation on random
posets, and show empirically that the interleaving test
scales gracefully to N ~ 90 where full poset construction
is infeasible. The result turns a global, super-exponential
computation into a local, linear-time certificate for the
equality case, and clarifies which trajectory differences
are “minimal” in a precise combinatorial sense.

II. SETUP

Let P be a poset. We write z < y for the covering re-
lation and say x is covered by y when x < y and no z sat-
isfies x < z < y; that is, y sits immediately above x with
nothing strictly between. A chain xg < x1 < -+ < &y, is
saturated if every consecutive pair is a cover, rp < Tpi1,
equivalently, it admits no refinement by inserting an el-
ement strictly between two of its members. A mazimal
chain is a saturated chain running from a minimal el-
ement to a maximal element of P. When P is graded
with maximum rank n, every maximal chain has the form
F=0u0< 2 < o < 25) where 2 is the rank-
k element of F; adjacency and the homotopy distance
then act by replacing individual z}: while preserving sat-
uration. We recall three notions from [1] (Defs. 5.1-5.3
therein), and write F,G for two trajectories (maximal
chains) whose distance we wish to compute.

Definition 1 (adjacency). Two maximal chains Fy, Fy
are adjacent if they differ in exactly one position.

Adjacency is the elementary move from which the dis-
tance is built; two adjacent chains are shown in Fig. 1.

Definition 2 (discrete homotopy and distance). A se-
quence {F;}¢_, of maximal chains with F},, Fj 1 adjacent
for all k is a discrete homotopy of length d. The discrete
homotopy distance dy (Fr, Fr) is the length of the short-
est such sequence with Fy = F; and Fy = Fp.
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Since each adjacency changes exactly one position,
dy (F, Q) is bounded below by the number of positions
where F' and G differ, as already noted in [1]. We char-
acterize when equality holds.

Definition 3 (interleaving). Maximal chains F,G of
rank n are interleaved if, for every k € {0,...,n — 1},

F G G F
2, = Zgp Or z = 2. (1)

In words, Eq. (1) requires that at every rank the two
chains alternate coherently: the rank-k element of one
chain is covered by the rank-(k+1) element of the other.
This is precisely the local “zig-zag” that lets one chain
be deformed into the other by changing each differing
position only once, as the next section makes precise.

III. CHARACTERIZATION

Our main result is a local necessary-and-sufficient con-
dition for the lower bound to be tight.

Theorem 1 (main result). Let F,G be mazimal chains
of rank n in a graded poset P. Then dy (F,G) equals the
number of positions where F' and G differ if and only if
F and G are interleaved [Eq. (1)].

Interleaving is automatic wherever the chains agree,
so only the positions of disagreement matter. Write the
discrepancy set D = {i | zF' # 2%} and let mp = max D
be its largest index. Restricting Eq. (1) to D yields the
form we actually compute.

Theorem 2 (equivalent, computable form). dy(F,G) =
|D| if and only if F = G, or |D| =1, or for every k €
D \ {mD}’

or zg < zf. (2

~—

F G
2, = 241

In words, Eq. (2) is exactly the interleaving condi-
tion restricted to the differing positions, minus its triv-
ial cases: F' = G and |D| = 1 are settled immediately,
and the largest differing index mp imposes no forward
cover because F and G already coincide at every rank
above it. Theorems 1 and 2 are therefore equivalent: po-
sitions where the chains agree impose no new constraint,
so Eq. (2) follows from Eq. (1) by focusing on D alone.
Notably, the proof below manipulates only the covering

FIG. 1. Two adjacent maximal chains differing only at the
red and cyan nodes.

relations along F' and G and never appeals to the rank
function elsewhere; the characterization is thus not spe-
cial to graded posets.

Remark 1 (generalization). Theorems 1 and 2 hold ver-
batim for any two saturated chains of equal finite length
sharing their endpoints in an arbitrary poset, graded or
not: the only structure used is that consecutive elements
of each chain form a cover, together with the cross-covers
in Egs. (1)—(2). In H (), where all maximal chains share
a common length [3], the hypotheses hold automatically
and Theorem 2 applies to every pair of trajectories.

We sketch the proof of Theorem 2; the full construc-
tion, the equivalence with Theorem 1, and the extension
to saturated chains are given in the Appendices.

Proof sketch. The condition (2) is nontrivial only on the
internal edges of D, i.e. indices k with k, k + 1 both dis-
crepant; elsewhere one of the covers holds automatically
because F and G are saturated. (Sufficiency.) We cor-
rect the chain one position at a time, replacing the cur-
rent value at a position by its G-value; each such replace-
ment is a single-position move, hence an adjacency, pro-
vided the two flanking covers hold. For an internal edge
k, interleaving supplies z,f = szH or sz < z,f |1, Which
orients that edge, telling us which of k, K+ 1 must be cor-
rected first. The discrepant positions form disjoint runs
of consecutive indices, so these orientations live on paths
and never create a cycle; any topological order of the re-
sulting acyclic constraints corrects all | D| positions in |D|
adjacencies. With the lower bound dz > |D| this gives
equality. (Necessity, contrapositive.) If an internal edge
k satisfies neither cover, then the step correcting k& would
require k + 1 already corrected, while the step correcting
k + 1 would require k already corrected. No length-|D|
homotopy can satisfy both, so dy(F,G) > |D|+ 1. Full
details, including the parity lower bound and the exten-
sion to saturated chains, appear in the Appendices. [

Figure 2 illustrates the construction: a discrete ho-
motopy of length four between two interleaved maximal
chains in H(6), built by Algorithm 2.

The construction and its test are summarized in two
algorithms: Algorithm 1 tests the interleaving condi-
tion on a pair of chains, returning TRUE exactly when
dy(F,G) = |D|, while Algorithm 2 constructs an ex-
plicit length-|D| homotopy whenever the chains are in-
terleaved. In Algorithm 2 the flanking covers zfjl =

zf < zﬁ_l are evaluated in the current chain Fy, not

in the original F'; the acyclicity established in the proof
guarantees that some admissible ¢ always exists until R
is empty (see Fig. 5 for the decision loop).

Algorithm 1: Interleaving equality test

1. Input: maximal chains F,G of rank n in a graded
poset.
2. Output: TRUE iff dy(F,G) = |D|.
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FIG. 2. A discrete homotopy of length four between two interleaved maximal chains F' and G in H(6) (top; the two colored
paths), generated by the one-position-at-a-time correction of Algorithm 2. The panels Fi — F> — F3 — Fy4 are the successive
intermediate chains, with highlighted nodes marking the single position resolved at each step.

3. D+ {i:2f # 28} if |D| <1 return TRUE.

. m < maxD.

5. for each k € D\ {m}: if not (2f < z,, or zf <
Zl§+1) return FALSE.

6. return TRUE.

W

(O(n) per pair)

Algorithm 2: Length-|D| homotopy (sufficiency)

1. Fp < F; t+<0; R+ D.

2. while R # @: pick any ¢ € R whose flanking covers
hold, 2/, < 2§ < szrl; set Fypy + Fy(2" — 25);
R+ R\{{}; t+t+1

3. return Fy, ..., F}.

By Remark 1 the hypotheses always hold in H(N), so
Theorem 2 applies verbatim there. Exhaustive applica-
tion of Algorithm 1 shows that N = 6 is the smallest
N for which H(N) contains a non-interleaved pair, i.e.
the smallest N admitting two trajectories whose distance
strictly exceeds their number of differing positions. The
four posets in Fig. 3, by contrast, are interleaved for every
pair of maximal chains.

Worked example. Take a rank-3 poset with unique
bottom 0 and top 1, rank-1 elements {a1, a2}, rank-2 ele-
ments {b1, by}, and covers 0 < a;, a; < b; for all 4, j, and
b; < 1. For F = (0,a1,b1,1) and G = (0,a9,by,1) we
have D = {1,2}; the only test is at k = 1, where a; < b
holds, so the chains are interleaved and dy = 2, realized
by F — (6, ai, bo, i) — G. If instead a; covered only b;,

H(2) H(3)
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FIG. 3. The posets H(2), H(3), H(4), and H(5): any two of
their maximal chains are interleaved, so every pairwise dis-
tance equals the number of differing positions.

no cover holds at k = 1, the chains are not interleaved,
and dy =3 > |D|.

IV. COMPUTATIONAL RESULTS

Scaling. We compared the cost of building H(N)
against the interleaving test (Fig. 4). Construction
of H(N) grows rapidly and becomes impractical near
N ~ 21, whereas the test, being O(n) per pair, remains
cheap out to N ~ 90, precisely the regime relevant to
whole-connectome analysis. For the Alzheimer’s sub-
types of [1], the interleaved cases (Limbic, MTL, Pos-
terior, Temporal for N = 4,6,8,12; Limbic/MTL and
MTL/Posterior/ Temporal for N = 15) thus have their
distances certified without ever building the poset.
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FIG. 4. Cost of constructing H(N) versus the O(n) interleaving test as the number of nodes N grows. Left: both procedures
for N € {0,...,21}; construction of H(N) diverges rapidly. Right: the interleaving test alone for N € {20,...,90}, reaching

regimes where full construction is infeasible.

V. DISCUSSION

We have shown that the equality case of the discrete
homotopy distance is governed by a single local condition,
interleaving, that is checkable in linear time without con-
structing the exponentially large state space H(N). In
plain terms, Theorem 1 says that two trajectories are
as close as their raw number of differences allows pre-
cisely when those differences are laid out so that one can
alternate corrective moves without conflict. Physically,
interleaving identifies pairs of connectome trajectories
whose differences are “coherent,” distributed so that no
redundant intermediate configuration is required to de-
form one into the other; such pairs plausibly correspond
to functional pathways with similar propagation behav-
ior. We stress the scope: the criterion certifies the tight
case dy = |D| and, when it fails, guarantees dy > |D|
without returning the exact value.

Several directions follow. Empirically, why are the
MTL and Limbic subtypes interleaved across N
4,6,8,12,15, and is this forced by the connectome or
by the spreading model [2]? Algorithmically, interleaved
segments suggest “collapsible” subchains whose removal
would restrict computation to the non-interleaved re-
gions that actually contribute to dy, a route toward a
general scalable distance; the test also parallelizes triv-
ially across chain pairs. The generalization of Remark 1
further invites application to arbitrary posets with arbi-
trary gradings arising in other complex-systems settings.
Full proofs of Theorems 1 and 2 are given in the Ap-
pendices; a companion Regular Article will develop the
H(N)-specific analysis and these extensions in depth.
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DATA AVAILABILITY

We did not use any data for our analysis. The ver-
ification code and H(N) construction are available at
github.com/B-Vigil/discrete-homotopy.

These Appendices provide complete proofs of the two
theorems stated in the main text. We fix notation
and record the elementary lower bound (Appendix A),
prove that the interleaving criterion and its discrepancy-
set reformulation are equivalent (Appendix B), and give
the full constructive proof of the characterization (Ap-
pendix C). The proof is organized around the observa-
tion that the interleaving condition orients the “internal
edges” of the discrepancy set; because these edges form
paths, the induced constraints are acyclic and admit a
valid correction order. Finally we show that the argu-
ment uses only the covering relations along the two chains
and therefore extends verbatim from graded posets to ar-
bitrary saturated chains of equal length (Appendix D).

Appendix A: Preliminaries and notation

Let P be a poset and let © < y denote the covering
relation: < y and there is no z with x < z < y. A chain
o < X1 < -+ < Xy s saturated if z < w41 for every
k; a mazimal chain is a saturated chain from a minimal
to a maximal element of P.
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Throughout, F' and G are saturated chains of the same
finite length n that share their endpoints,

Fo(f < s o) G=(§ < e 20,
(A1)
with 28" = 2§ and 2zf = 2¢. (In a graded poset P

with a unique minimum and maximum, in particular in
H(N) [3], every pair of maximal chains is of this form.)
We write

D={i:zl'"#2:8}, mp = max D, (A2)
sothat D C {1,...,n—1} and 0,n ¢ D. For a saturated
chain H and an element = we write H (2! — z) for the
sequence obtained from H by replacing its rank-¢ entry
with z.

We say indices k and k + 1 span an internal edge of D
if {k,k+ 1} C D. For each k define the two cross-cover
predicates

A o2f = Z;?_H, B : 25 < Zh . (A3)
Definition 4 (interleaving). F' and G are interleaved if
Aj V By, holds for every k € {0,...,n—1}.

Lemma 1 (single-move validity). Let H be a saturated
chain of length n sharing its endpoints with G, and let
Cef{l,....,n—1} with 2T # 2§, If
< 28 < zﬁl, (A4)
then H' = H(zl! = 2§) is a saturated chain of length n,
and H, H' are adjacent (they differ in exactly position £).

Proof. H' differs from H only at position ¢, so it differs
in exactly one position and its endpoints are unchanged.
Every consecutive pair of H' other than (¢ — 1,¢) and
(¢,€ + 1) is a cover because it is a cover in H; the two
remaining pairs are covers by (A4). Hence H' is satu-
rated, and a saturated sequence is a chain. Adjacency is
Definition 1 of the main text. O

The elementary lower bound below is established in [1];
we record it together with the equality clause used in the
necessity argument.

Lemma 2 (lower bound and its equality clause). For
saturated chains F,G of equal length sharing their end-
points, dy(F,G) > |D|. Moreover, if dy(F,G) = |D|,
then in every discrete homotopy F' = Hy,...,Hpj = G
realizing the distance, each position of D is altered exactly
once and no position outside D is ever altered.

Proof. Each adjacency changes exactly one position, so a
homotopy of length d alters at most d distinct positions;
since every position of D must change at least once to
carry F' to G, we have d > |D|, giving the bound. If
d = |D|, the |D| single-position changes must therefore
be spent, one each, on the |D| positions of D: no posi-
tion of D can be altered twice and no position outside D
can be altered, for either would leave some position of D
unchanged and the endpoints unequal. O

Appendix B: Equivalence of the two formulations

The main text states the characterization first as in-
terleaving (Theorem 1) and then in the discrepancy-set
form used for computation (Theorem 2). We show the
two conditions coincide.

Proposition 1. The following are equivalent:
(i) F and G are interleaved (Definition 4);

(ii)) F = G, or |D| = 1, or A V By holds for every
ke D\{mp}.

Proof. We first note that Ay V By holds automatically
unless k and k + 1 are both in D. Indeed:

o if k ¢ D, then zf' = 2¢; if moreover k +1 ¢ D
then 2, = z{ , and A reads z{ < =z}, true
because F' is saturated; if instead k + 1 € D then
By, reads z,? = z,f < Zlf+1’ again true;

eif ke Dbut k+1¢ D, then z,, =z}, and A,
reads 2z} < z[, |, true.

Thus the only indices at which Ay, V By can fail are the
internal edges of D, and every internal edge k satisfies
k€ Dand k+1 € D, hence k < mp—1,s0k € D\{mp}.

(i) = (i) interleaving asserts Ay V By for all k, in
particular for all k € D\ {mp}.

(#9) = (i): it F = G or |D| = 1 there are no internal
edges, so by the paragraph above Ay V By holds for every
k. Otherwise (i) gives AV By, for k € D\ {mp}, which
includes every internal edge; at all other k the disjunction
holds automatically. Hence F, G are interleaved. O

Because of Proposition 1 it suffices to prove the char-
acterization in the interleaving form; the discrepancy-set
statement then follows.

Appendix C: Proof of the characterization

Theorem 3 (main text, Theorems 1 and 2). dy(F,G)
equals |D| if and only if F and G are interleaved.

The lower bound dy(F,G) > |D| is Lemma 2. Tt
remains to prove that interleaving is sufficient (Ap-
pendix C2) and necessary (Appendix C3) for equality.

1. Orientation of internal edges

Fix an internal edge k (so k,k 4+ 1 € D). During any
position-by-position correction of F' into GG, in which each
discrepant position is set once, from its F-value to its
G-value, consider the two moves that touch positions k
and k + 1. By Lemma 1, setting position k + 1 to z{,
requires its left flank to cover it; if position k& has not
yet been corrected, that flank is z,f , and the requirement



is exactly Ag. Symmetrically, setting position k to z,?
requires its right flank to be covered; if k4 1 has not yet
been corrected, that flank is z,f 41, and the requirement
is exactly Bj. Hence:

—-Ar = k must be corrected before k + 1,

C1

—-Bi = k -+ 1 must be corrected before k. (C1)
Interleaving (Ay V By) guarantees that at most one of
the two implications in (C1) fires, so each internal edge
imposes at most one precedence constraint between its
endpoints.

2. Sufficiency

Assume F, G interleaved. The discrepant positions D
decompose into maximal runs of consecutive integers; dis-
tinct runs are separated by at least one agreement posi-
tion, and a correction at a position with an agreement
neighbor imposes no constraint on the neighbor (its flank
is a shared G-value, covered by saturation of G). It there-
fore suffices to order the corrections within a single run
R={a,a+1,...,b} C D, witha—1,b+1¢ D.

The precedence constraints (C1) within R are car-
ried by its internal edges a,a + 1,...,b — 1, each con-
tributing at most one directed constraint between con-
secutive elements. These constraints live on the path
a — (a+1) —--- —b. A path is a tree, and any orienta-
tion of the edges of a tree is acyclic; hence the constraint
digraph on R has no directed cycle. A finite acyclic di-
graph always has a source, a vertex with no incoming
arrow, so at every stage some position of R has all of
its forced predecessors already corrected and can be pro-
cessed next; equivalently, the digraph admits a topologi-
cal order 7 of its elements. This is exactly the guarantee
that Algorithm 2 of the main text never stalls: a position
with valid flanking covers is always available until R is
exhausted (Fig. 5).

Correct the positions of R in the order w. We claim
every move is valid in the sense of Lemma 1. Consider
the move at position ¢ € R, when the current chain H
holds G-values at the positions already corrected (and at
all i ¢ D) and F-values elsewhere. Its flanks:

e Left flank 2/L,. If f =aorl{—1¢ Dor¢—1
is already corrected, then 2/’ | is a G-value (or the
shared endpoint value), and 22, < 2§ because G
is saturated. Otherwise £ — 1 € R is uncorrected;
since 7 places ¢ after all its forced predecessors, the
edge (£ —1,¢) did not force “¢ — 1 before £, so by
(C1) Ag—q holds, ie. 2f | < 2§, and 21| = 2] .

e Right flank z/1,. If ¢ =borl+1¢ Dorl+1
is already corrected, then zﬁ_l is a G-value and
zf < zfL, by saturation of G. Otherwise /+1 € R
is uncorrected; since 7 did not force “/+1 before £”,
by (C1) Bg holds, ie. 2§ < 2, and 21, = 2[ ;.

[Start: Fo+F, R(—D]

Return Fo,..., F:

no

34 € R with

Fy , ,G_, Ft 9
2ol =z = Zpiq !

yes (always, by acyclicity)

Set Fy1+ Fy (25t —28);
R—R\{{};t+t+1

FIG. 5. Decision loop of Algorithm 2 (sufficiency). Under
interleaving the constraint digraph on the discrepant positions
is acyclic (Appendix C2), so a position ¢ with valid flanking
covers always exists while R # &; the “no” branch of the
second test is therefore never taken, and the loop terminates
after exactly |D| updates.

In every case the flanking covers (A4) hold, so by
Lemma 1 the move is a valid adjacency and preserves
saturation.

Applying this to every run and concatenating, we ob-
tain a discrete homotopy F' = Hoy,...,H|p| = G that
corrects each discrepant position exactly once. Its length
is |D|, so dy(F,G) < |D|; therefore, dy(F,G) = |D|. O

3. Necessity

We prove the contrapositive: if F,G are not inter-
leaved, then dy (F, G) > |D|. By Proposition 1 the failure
occurs at an internal edge k, so k,k+ 1 € D and both
A, and By, fail:

% A Zl?+1 and 7 # le:+1- (C2)
Suppose, for contradiction, that dy(F,G) = |D|, and
fix a homotopy F' = Hy,...,H|p; = G realizing it. By
the equality clause of Lemma 2, every position of D, in
particular £ and k + 1, is altered exactly once, and no
position outside D is ever altered. Thus position k is set
once, at some step s, from 2/ to z¢, and position k + 1
is set once, at some step t # s, from ZI€+1 to Z,?_H.

Consider step s. It replaces z,f = z,f by z,?; validity
requires 2§ < z,ifl The value zfﬂ is either Zlf—s-l (if
t>s)orzi, (ift <s). Ift>sthen 2 < 2[4,
i.e. By, contradicting (C2); hence ¢ < s. Now consider
step t. It replaces zgﬁl = zf;_l by Zl§+15 validity requires

zf‘ = ZI§+1' Since t < s, position k£ has not yet been

corrected at step t, so z,ft = z,f and the requirement



is zf < 2f.,, i.e. Ay, again contradicting (C2). The
two conclusions ¢t < s and ¢ > s are incompatible, so no
homotopy of length |D| exists and dy (F,G) > |D| + 1.
O

Together Appendices C2 and C3 prove Theorem 3,
and Proposition 1 delivers the discrepancy-set form (The-
orem 2 of the main text).

Appendix D: Extension to saturated chains in
arbitrary posets

Nothing in Appendices A—C uses the rank function of
P beyond the two structural facts that (a) F and G are
saturated chains of the same length sharing their end-

points, and (b) consecutive entries of each chain form
covers. Lemma 1, Lemma 2, Proposition 1, and The-
orem 3 were all stated and proved under exactly these
hypotheses. We record the resulting generality.

Proposition 2 (Remark 1 of the main text). Let P
be an arbitrary poset and let F,G be saturated chains
of the same finite length sharing their endpoints. Then
dy (F, G) equals the number of positions in which F and
G differ if and only if F' and G are interleaved. In par-
ticular, the characterization is mot restricted to graded
posets; the grading of H(N) enters only to guarantee, via
a unique minimum and maximum, that any two maximal
chains automatically satisfy hypotheses (a)—(b) [3].

Proof. Immediate from Theorem 3, whose proof invokes
only (a) and (b). O
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