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1 Introduction

Mathematical models of physical processes make use of time-varying equations based on

foundational mechanisms. The time variable is most often treated either continuously (dif-

ferential equations) or discretely (difference equations). A number of important and prac-

tical problems, especially in ecology and biomedicine, conjoin mechanisms at both scales.
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Hybrid dynamical system models [9, 22, 24, 32, 35] consist of at least one continuous-time

equation coupled to at least one discrete time equation. Hybrid models are a direct tem-

plate for the cross-disciplinary study of a panoply of applied problems with translational

applications to human pathophysiology being particularly well suited to this regime. A sig-

nificant drawback of these models is the relatively intractable analysis, outside of simpler

paradigms [32], of their behavior and their mathematical stability. Given the potential of

hybrid models to address significant problems across biology and biomedicine, these types

of model systems should be further developed theoretically and informed by experiment

to facilitate testable predictions in real-world settings. In this manuscript, our goal is two

fold: first, to demonstrate how hybrid models may be used, alongside experimental data,

in biomedical practice; and second, to demonstrate that a computational analysis of model

dynamics is useful for applied scientists, at least until analytic techniques can be developed

for wider classes of hybrid problems.

The use of conventional techniques to model both homo- and heterogeneous cancer cell

population dynamics is a well-established area of research. Examples include continuous

time dynamical systems models of interactions between effector cells and immunogenic

tumor cells [2, 6, 26], tumor response to immunotherapy [3] or treatment regimes defined

by either continuous dosing schedules [13] or by determining dosing schedules through

optimization methods [8, 30]. Traditional techniques have also been used to study attributes

of heterogeneous cancer cell populations, such as: how treatment resistance may arise

due either to existing resistant cells [4, 5, 7] or as an adaptive response to drug exposure

[15, 21]; and how treatment regimes [15], cellular facilitation or competition [23, 27, 37]

and genetic shifts [31] may drive coexistence, exclusion, or dominance of resistant cells.

Despite these advances, traditional modeling methods remain limited in their ability to

represent the discontinuous nature of chemotherapeutic treatments in clinical practice.

Chemotherapeutic treatment is an ideal illustration of the portents of hybrid models

to translational practice. Within heterogeneous cancer cell populations, rapid growth and

competition reflect continuous-time dynamics, while chemotherapeutic intervention is a

discrete phenomenon with differential implications to cell quantity and cell dynamics for

resistive versus susceptible cells. Hybrid continuous-discrete time models naturally ad-

dress this gap [12, 17, 24, 29] by capturing both the smooth proliferation of cancer cells

and the abrupt cytotoxic effects of various, realistic treatment cycle protocols. Discrete

pulses can alter the structure of continuous dynamical systems, an observation that may

be highly important in practice but significantly complexifies, or all together obviates, tra-

ditional analytic techniques, which often yield only partial insights into the behavior of

hybrid systems. In this manuscript we demonstrate, for the discerning practitioner con-

cerned primarily with applications, that the behavior and stability of hybrid systems can be

well-investigated computationally. To do so, we modify the model from Luo, et al. [29], in

which a comprehensive analysis of dynamics is not presented, 2-species model of resistant

and susceptible cell grown and competition in the presence of discrete chemotherapeutic
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intervention. The continuous model is parameterized using statistical machine learning ap-

plied to in vitro, homogeneous, SKOV3 (treatment susceptible) and CP20 (treatment resis-

tant) ovarian cancer cell count assays; discrete treatment effects are partially parameterized

by Somasagara, et al. [16] and partially by our machine learning results. We demonstrate

the analysis of competition and treatment effects on cell population persistence and stability

using our methodology described, in full, in [35]. In doing so, we demonstrate that hybrid

models may be used alongside in vitro experimental data and that computational methods

can effectively analyze these systems, thereby closing a significant gap in biological and

biomedical research, at least until new mathematical approaches can be developed.

2 Methods

2.1 Experiment & Image Acquisition

Table 1: Cell culture experimental details for carboplatin-resistant (A2780/CP20) and

carboplatin-susceptible (SKOV3) human ovarian cancer cell lines. Cells were treated with

vehicle control (Control cells) or with 14µM carboplatin (Treated cells). After application

of vehicle/carboplatin, cell counts were assessed every two hours by live cell analysis of

automatic image segmentation.

Experimental Regime Approx. Initial Confluence Number of well cultures

CP20 Control 20% 11

CP20 14µM Treated 20% 11

SKOV3 Control 20% 10

SKOV3 14µM Treated 20% 9

The human ovarian cancer cell line SKOV3 used in our experiment was obtained from

the American Type Culture Collection (ATCC). The carboplatin-resistant cell line A2780-

CP20 is a derivative of SKOV3, which was generated by intermittent carboplatin expo-

sure while routinely maintained under continuous carboplatin selection in culture. This

derivative carboplatin resistance of SKOV3/CP20 relative to parental SKOV3 has been

previously validated by clonogenic survival and increased carboplatin tolerance [16]. Both

cell lines were provided by the Palle lab at Texas Tech University Health Sciences Cen-

ter (TTUHSC), where they were routinely tested for mycoplasma and authenticated per

standard laboratory practice.

The SKOV3 and CP20 cell lines were cultured using serum-containing Dulbecco’s

Modified Eagle Medium (DMEM) and 1:1 DMEM/F12, respectively. The day prior to

imaging, cells were seeded at an estimated twenty percent initial confluence, approximately
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2000 cells in 0.32 cm2 in 96-well plates (Nunc). Cells were then incubated overnight at 37

degrees Celsius and 5 percent CO2, for 24 hours to allow for adherence. Prior to imaging,

the media were removed and replaced with DMEM or DMEM/F12 with the designated con-

centration of carboplatin or vehicle control (DMSO). Subsequently, cells were incubated in

the CellCyte X in identical culture conditions for 72 hours. Using a 4X objective in phase

contrast mode, whole-well images were acquired at 2-hour intervals in the Almodovar lab,

at the TTUHSC (Table 1). Images were acquired and segmented using the CellCyte X and

the Cytena CellCyte X analysis software. The exact specifications for the image mask can

be accessed upon request. Segmented images were analyzed to quantify percent confluence

and generate cell growth curves.

2.2 Hierarchical Bayesian parameter inference from cell quantifica-

tion data

Figure 1: Confluence time series data

recorded from the Cytena CellCyte X analy-

sis software. (A) CP20 and (B) SKOV3; con-

fluence percentage (y-axis) versus hours (x-

axis).

Well-cultured cells have a limited

growth medium. Following an initial

proliferation phase, the per capita pop-

ulation growth rate will attenuate, due

to excessive cell growth, depletion of

nutrients in the media, which results

in a plateau in the overall cell popu-

lation count (Figure 1). with eventual

cell starvation and death. This type of

population-limiting dynamic has also

been recognized in paragangliomas of

the head and neck [18].

Ovarian cancer cell line (CP20,

SKOV3) percentage confluence data

were tabulated, with 2-hour imaging

periodicity, over 72 hours; the results

were recorded as time-series data for

further processing (Figure 1). In to-

tal, time series data from 11 trials were

available for the CP20 control case and

11 were available for the 14µM CP20

carboplatin treatment case. For SKOV3, 10 time series trials were available for the control

case while 9 trials were available for the 14µM SKOV3 carboplatin treatment case. To

account for an initial expansion and pursuant plateau, a logistic equation, with parameters

K, λ and P0, was used to model cell confluence data as a function of time (Sections 2.3 and
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3.1). Given the experimental confluence data, a hierarchical Bayesian model approach (Ap-

pendix B) was used to infer the posterior distributions of the model hyperparameters (Ap-

pendix B, Figure 12). To carry out the Bayesian parameter inference, an additive Gaussian

error model, with noise parameter σ2
E , was adopted; the Gaussian error model assumption

produces a likelihood function defined by

P(X |θ ,φ)∼ N
(

µ = F(t;θ ,φ) , σ2 = σ2
E

)

,

where X denotes the multi-well experimental, CP20 or SKOV3, control data, θ denotes the

vector of mathematical (logistic) model parameters, φ is the vector of hierarchical hyperpa-

rameters and F(t;θ ,φ) is the data generated by the (logistical) mathematical growth model

at time t and with the parameter choices determined by θ and φ . The prior distributions

used in the model, for each parameter and hyperparameter, are listed in Table 2.

We used PyMC, a probabilistic Markov Chain Monte Carlo (MCMC) based program-

ming library [25], to implement and to run the model inference. The inference model was

run on an EPYC 44-core workstation with 512GB of DDR5 ram; 4 parallel chains were

used with 4,500 burn-in and 5,000 posterior draws with a target accept rate of 0.99 using

the No-U-Turn sampler (NUTS). Convergence of the chains, to the posterior distribution,

was verified through R-hat values that coincided with 1.0, high essential bulk and essential

tail counts and visual inspection of the inference traces. This procedure produced 20,000

posterior samples corresponding to each hyperparameter (mean and standard deviation) for

each model parameter (Section 3.1).

Table 2: Prior distributions for the growth rate (λ ), carrying capacity (K), initial value (P0),
measurement error σ2

E , and hierarchical hyperparameters

Hyperparameter Weakly informative hyperparameter priors, truncated normal distributions

λµ µ = 0, σ = 10, bounds: 0≤ λµ

Kµ µ = 0, σ = 100, bounds: 0≤ Kµ ≤ 100

P0µ µ = 0, σ = 30, bounds: 0≤ P0µ

λσ µ = 1, σ = 5, bounds:0≤ λσ

Kσ µ = 1, σ = 5, bounds: 0≤ Kσ

P0σ µ = 1.0, σ = 5, bounds: 0≤ P0σ

Model parameter Parameter priors, truncated normal distributions

λ µ = λµ , σ = λσ , bounds: 0≤ λ

K µ = Kµ , σ = Kσ , bounds: 0≤ K ≤ 100

P0 µ = P0µ , σ = P0σ , bounds: 0≤ P0
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2.3 Hybrid model and simulation

We modified the hybrid model from [29] to describe the dynamics of the cell subpopu-

lations, drug-sensitive cells (S) and drug-resistant cells (R), with discrete-time treatment

administrations. [29] models impulsive (discrete) dosage which reduces the sensitive cell

population and increases resistant cells in discrete time, whereas, our model examines drug

efficacy on both cells. This modeling technique follows from previous works [9, 22, 35].

The continuous part constitutes intrinsic post-surgery cell population growth in logistic

manner with a limiting effect in the form of a competition term that arises from the presence

of the other cell type. The continuous cycle runs for T = 21 days, so that the continuous

timing is defined as s = [0,T ]. Next, the discrete counterpart accounts for cell population

after treatment administration by calculating the number of cells that survived treatment

using drug efficacy rates from [16]. S and R are reduced based on the drug-efficacy rates, p

and q respectively, at each treatment regimen time t. That is, S grows intrinsically at the rate

λS in a logistic term λSS
(

1− S
KS

)

where KS is the carrying capacity of sensitive cell popu-

lation in the system. S also depletes at the rate −λSS
(

aSRR
KS

)

due to the presence of R in the

system, where λS represents the daily growth rate of S. The same process describes R pop-

ulation dynamics. Although the carrying capacity from fits to data describe the maximum

percentage of cell density each experimental well can support, we interpret the carrying

capacities KS and KR in our model as the tumor burden corresponding to the proliferation

level of each cell subpopulation. That is, we maintain that a body has a maximum tumor

volume which develops from the amount of dividing cells the resources available in the

body can sustain before death.

dS

ds
= λSS

(

1−
S+aSRR

KS

)

, S(0) = STt

dR

ds
= λRR

(

1−
aRSS+R

KR

)

, R(0) = RTt

(1)

STt+1 = (1− p)S(T−)

RTt+1 = (1−q)R(T−)
(2)
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Table 3: Description of parameters and variables used in the cancer cells equations (1) and

(2), with values used in numerical results. Parameters marked with * were inferred from

experimental data using Bayesian Inference (MCMC).

Parameter Description Values Source

aSR Inter-specific competition effect of R on S aSR ∈ [0.01,2] -

λS (day−1) Average S growth rate used in analysis 1.0807 Inferred*

KS (%) Average S carrying capacity used in analysis 99.7741 Inferred*

p Drug effect on S 0.82 [16]

P Drug effect on λS 0.0893 Inferred*

aRS Inter-specific competition effect of S on R aRS ∈ [0.01,2] -

λR (day−1) Average R growth rate used in analysis 1.0924 Inferred*

KR (%) Average R carrying capacity used in analysis 99.7245 Inferred*

q Drug effect on R 0.26 [16]

Q Drug effect on λR 0.00 Inferred*

s (day) Time between pulses [0, 21] [36]

t Number of treatment cycles 9 [19, 36]

We map clinical Area Under Curve (AUC) in mg/mL to peak carboplatin concentra-

tion (Cmax) using Pharmacokinetic data from [14] involving a lung cancer clinical trial

where AUC = 6 and average Cmax = 22.6 mg /mL. Using the molecular weight of carbo-

platin (≈ 371.254 g/mol), calculated Cmax (22.6 mg /mL) ≈ 60.87µM. When adjusted for

early protein binding and the amount of drug that penetrates cells within early hours of

drug administration (free drug ≈ 71% of initial Cmax), the drug concentration reduces to

≈ 43.22µM. Therefore we utilize 40µM of free-drug carboplatin to parameterize in vitro

treatment effect in the model even though the highest drug concentration used in our lab-

oratory experiment was 14µM. We extract these rates from [16] for cell lines used in our

experimental study. We then generate results for nine chemotherapeutic treatment cycles

which is the maximum one-course treatment regimen observed in real clinical trials [36]

from UK’s Medical Research Council (MRC), Gynecologic Oncology Group (GOG), etc.

For all simulations in the competition parameter space aSR by aRS, we consider 15 sam-

ples of initial conditions (y0 = [S0,R0]) for each cell within the bounds of the fits generated.

These initial condition sets which remained consistent across most simulations were Latin

Hypercube sampled from the posterior draws of experimental initial cell population den-

sities (confluences) for Figures 6 and 7. Figures 8 and 9 are the exceptions because we

sampled randomly from a uniform distribution. For these plots specifically, we generated

100 randomly sampled real numbers between 0 and 40 for initial conditions, and we sam-

ple 100 growth rates and carrying capacity values with consistent rows from the posterior

draws with random number generator seed set to 42. As described in Section 2.1, the ex-

perimental data consisted of four data categories of 2-hour, 3-hour data series for 20 and
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30% initial cell densities. To make all heatmap-like figures, we use parameter averages

informed by parameter distributions from the 2-hour and 20% data for each cell type car-

rying capacities and growth rates (see Appendix B for details regarding inference). While

the experimental initial densities ranged from 20−30%, inferred y0 posterior draws ranged

from S0 ≈ 2.4010−45.2049% and R0 ≈ 0.0049−31.2802%, and the random draws from

a uniform distribution were within 0− 40% for both cells. These initial conditions are

representative of different clinical post-surgery tumor burden, allowing for exploration of

different residual tumor growth and treatment response following surgical cytoreduction.

We use the numerical approach that follows from [35] to analyze the model. We run

all numerical simulations in parallel using NOCONA 0.15.4, MATLAB R2024a_test, and

MATLAB R2024b. For the model, we solve the continuous part 1 with MATLAB’s ODE

solver ode45, relative tolerance RelTol = 1×10−4, and absolute tolerance AbsTol = 1×
10−7. For one competition effect parameter pair (aSR,aRS), we report asymptotic behavior

of cells by solving model for 500 discrete time steps quantifying long-term treatment, after

which we extract the first nine discrete time solutions to explore behavior over a 9-cycle

treatment course. For the asymptotic behavior, we consider the uniqueness of the final 100

discrete solutions to capture long-term treatment dynamics while we consider all solutions

in the 9-cycle treatment course. The distinct cell abundance values from these selected

solutions are then reported using the uniqetol built-in MATLAB function and a 1×10−3

tolerance. We define cases as thus: if maximum unique value is less than unique tolerance,

result is extinction; if the total number of unique values is one, result is a fixed point; if

the total number of unique values is more than one, the result is a cycle between more than

one value. This cyclic behavior implies that the cell population alternate settling between

two or more values over time. Though we save results for up to 16 unique values, we

focus on explaining extinction (all solutions < tolerance) and fixed-point persistence (1

unique value) cases in this work. We repeat the numerical exploration steps above for

15 Latin Hypercube Sampled initial conditions y0 and 40,000 combinations of aSR,aRS

defined in Table 3. We report results in MATLAB’s imagesc maps (Figures 6 and 7) where

we use a binary encoding technique to generate unique codes for the possibilities of both

cell populations going to mutual extinction, mutual persistence or exclusion from either

behavior, for each (aSR,aRS) pair and all initial conditions y0s.

3 Results

3.1 Statistical machine learning suggests hybrid model parameters

In this section, we report the results in using model-driven statistical machine learning

(Section 2.2) to infer some of the parameters of (1)-(2) from in vitro CP20 and SKOV3

well cultures with and without treatment. Section 3.1.1 discusses a simplified version of
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(1) for non-interacting populations, Section 3.1.2 presents the results for the resistant CP20

cells, Section 3.1.3 presents results for the susceptible SKOV3 cell line and Section 3.1.4

draws on the results of Sections 3.1.2-3.1.3 to determine the parameters used in (1)-(2) to

demonstrate the effects of the hybrid structure on model stability; these parameters appear

in Table 3 as ‘Inferred’.

3.1.1 The logistic model for non-interacting populations

In the absence of inter-specific competition, the continuous portion of the hybrid pulsed

chemotherapeutic model (Section 2.3) reduces to two uncoupled logistic equations. Specif-

ically, choosing aSR = 0 = aRS in (1) yields two non-communicating initial value problems,

each having the general form of

dP

dt
= λP

(

1−
P

K

)

, P(0) = P0, (3)

where λ is a growth rate parameter and K is a saturation, or population carrying capacity,

parameter; P0 represents the initial population size. Assuming that 0 < P0 < K, the solution

to (3) can be written as

P(t) =
K

1+
(

K
P0−1

)

e−λ t
. (4)

According to (1), in the absence of drug intervention, the time dynamics of both S and R

follow (4). We used a hierarchical Bayesian inference approach (Section 2.3, Appendix B),

implemented using PyMC, to infer the posterior distributions of the parameters correspond-

ing to the sensitive SKOV3 (KS, λS, P0S
) and resistant CP20 (KR, λR, P0R

) cell confluence

dynamics.

3.1.2 Resistant (CP20) cell line growth model parameters

In the absence of interactions, (1) reduces to two systems, each of the form of (3). We

focus here on (3) for CP20, having growth parameter λR, saturation KR and initial value

P0R
. Hierarchical inference on 22 well culture cell population time series data (Table 1)

produced 20,000 posterior samples (Section 2.2) for each of the mean value and standard

deviation hyperparameter distributions (Table 2) corresponding to each of the model pa-

rameter λR, KR and P0R
of (3). Kernel density estimates corresponding to the control and

treatment time series data are shown in Figure 2. Control versus treatment hyperparameter

posterior distribution means ( Åµ) were tested by a two-sided t-test and by the Mann-Whitney

U test; hyperparameter standard deviations ( Åσ ) were tested by both the Bartlett and Levene

tests. Differences in both Åµ and Åλ were significant (p < 0.001) for each hyperparameter

posterior corresponding to λR and KR (left two columns in Figure 2, c.f. Table 4). The
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Table 4: Changes to the hyperparameters governing the growth dynamics of CP20 due

to carboplatin treatment at 14µM. The sample mean ( Åµ) and sample standard deviation

( Åσ ) are reported for each case. Differences in Åµ and Åσ , for control versus treated, were

significant for each hyperparameter corresponding to both λR and KR.

Parameter Type Hyperparameter Åµ Åσ

λR (day−1)

Control Mean 1.0916 1.1884×10−3

Treated Mean 1.0865 2.1537×10−3

Control Standard Deviation 8.4997×10−2 1.0657×10−3

Treated Standard Deviation 1.6226×10−1 1.9090×10−3

KR (% area)

Control Mean 94.8438 1.5032×10−2

Treated Mean 99.8328 1.6237×10−2

Control Standard Deviation 2.1571×10−1 2.1739×10−1

Treated Standard Deviation 2.4459×10−1 2.5354×10−1

Table 5: Changes to the growth dynamics of CP20 due to carboplatin treatment at 14µM.

Sample mean: ( Åµ), sample standard deviation ( Åσ ), NS: not significant (p > 0.05).

Parameter Type Åµ p-value Åσ p-value

λR (day−1)
Control 1.0924

NS
3.8351×10−3

p < 0.01
Treated 1.0888 7.3419×10−3

KR (% area)
Control 99.7245

p < 0.01
2.8289×10−1

p < 0.01
Treated 99.6896 3.4012×10−1

most pronounced relative difference was an increase of 90.9% in the mean of the standard

deviation for λR.

Next, we approximated the parameter distributions, for each of the parameters λR, KR

and P0R
, by drawing 5,000 samples from the hyperparameter distributions for that parame-

ter; for each pair of these sampled hyperparameters, we drew one instance of that parameter

from the corresponding parameter distribution (Table 2). The kernel density plot for each

parameter is shown in Figure 3. As λR and KR govern the dynamics of (3), we used the

tests discussed above to investigated whether carboplatin treatment at 14µM produced dif-

ferences in Åµ or Åσ . The results are reported in Table 5. Most notably, treatment did not

alter the sample mean of λR, though it did lead to a significant 91.4% relative increase in

the standard deviation. The alteration in the mean of KR was significant but the relative

change was small, at an approximate −0.035% adjustment.
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Figure 2: Hyperparameter distributions for the resistant (CP20) cell line growth model pa-

rameters without interaction (aSR = aRS = 0 in (1)). Growth (left column), Saturation (mid-

dle column) and initial value (right column) parameters, compare (1) and (3), are shown for

both the control (left violin plot) and treated (right violin plot) cases. Top row: Posterior

distributions of the mean value hyperparameter; Bottom row: Posterior distributions of the

standard deviation hyperparameter.

3.1.3 Susceptible (SKOV3) cell line growth model parameters

Once more, the non-interacting form of (1) produces (3) with growth parameter λS, satura-

tion KS and initial value P0S
for the susceptible cell line population. Hierarchical inference

on 19 well culture cell population time series data (Table 1) produced 20,000 posterior

samples (Section 2.2) for each of the mean value and standard deviation hyperparameter

distributions (Table 2) corresponding to each of the model parameter λS, KS and P0S
of (3).

Kernel density estimates corresponding to the control and treatment time series data are

shown in Figure 4. As in Section 3.1.2, control versus treatment hyperparameter poste-

rior distribution means were tested by a t-test and a Mann-Whitney U test while standard

deviations were tested with the Bartlett and Levene tests (c.f. Table 6). In comparing the

control versus treatment hyperparameter posteriors corresponding to growth (λS): Åµ was

significantly different for both the mean value and standard deviation posteriors (p < 0.05,
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Figure 3: Sampled parameter distributions for the resistant (CP20) cell line growth model

parameters without interaction (aSR = aRS = 0 in (1)). Growth (left column), Saturation

(middle column) and initial value (right column) parameters.

all tests). However, Åσ was not significantly different for the mean value posterior whereas it

was (p < 0.05, both tests) for the standard deviation posterior. For hyperparameter posteri-

ors corresponding to saturation (KS): differences in Åµ were significant only for the standard

deviation hyperparameter, while Åσ was statistically different (p < 0.05, all tests) for both

hyperparameter distributions.

As in Section 3.1.2, we approximated the parameter distributions of λS, KS and P0S
by

drawing 5,000 samples from the hyperparameter distributions and using those samples to

draw from the corresponding parameter distribution (Table 2). The kernel density plot for

each parameter is shown in Figure 3. As λS and KS govern the dynamics of (3), we used

the tests discussed above to investigated whether carboplatin treatment at 14µM produced

differences in Åµ or Åσ . The results are reported in Table 7. In contrast to CP20, the mean

value of the growth parameter (λS) for SKOV3 cells was altered by 14µM carboplatin

treatment; the relative change in Åµ was 8.9294%. Similar to CP20, there was also a shift in

Åµ for KS but, again, the relative shift was small at 0.0139%.
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Table 6: Changes to the hyperparameters governing the growth dynamics of SKOV3 due

to carboplatin treatment at 14µM. The sample mean ( Åµ) and sample standard deviation

( Åσ ) are reported for each case. Differences in Åµ and Åσ , for control versus treated, were

significant for each hyperparameter corresponding to both λR and KR.

Parameter Type Hyperparameter Åµ Åσ

λS (day−1)

Control Mean 1.0794 2.2355×10−3

Treated Mean 1.1807 2.2750×10−3

Control Standard Deviation 6.6179×10−3 2.0909×10−3

Treated Standard Deviation 6.2950×10−3 2.1270×10−3

KS (% area)

Control Mean 99.8717 1.2256×10−1

Treated Mean 99.8739 1.1997×10−1

Control Standard Deviation 1.7799×10−1 1.8150×10−1

Treated Standard Deviation 1.6484×10−1 1.6611×10−1

Table 7: Changes to the growth dynamics of SKOV3 due to carboplatin treatment at 14µM.

Sample mean: ( Åµ), sample standard deviation ( Åσ ), NS: not significant (p > 0.05).

Parameter Type Åµ p-value Åσ p-value

λS (day−1)
Control 1.0807

p < 0.01
7.2007×10−3

p < 0.01
Treated 1.1772 6.9254×10−3

KS (% area)
Control 99.7741

p < 0.01
2.4312×10−1

p < 0.05
Treated 99.7880 2.2091×10−1
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Figure 4: Hyperparameter distributions for the susceptible (SKOV3) cell line growth model

parameters without interaction (aSR = aRS = 0 in (1)). Growth (left column), Saturation

(middle column) and initial value (right column) parameters, compare (1) and (3), are

shown for both the control (left violin plot) and treated (right violin plot) cases. Top row:

Posterior distributions of the mean value hyperparameter; Bottom row: Posterior distribu-

tions of the standard deviation hyperparameter.

3.1.4 Parameter selection for a simple pulsed hybrid model

In this section, Bayesian inference-based statistical machine learning (Section 2.2 and Ap-

pendix B) was used to infer growth, saturation and initial condition parameter distributions

from in vitro experiments. As (1)-(5b) is deterministic, we use mean values from the poste-

rior distributions as point estimates for λR, and KR (Table 5) along with λS and KS (Table 7).

Since a statistically significant differences was not found between the mean values of the

control and treatment cases for λR (Table 5), we take λR to be equal to the control case mean

value (λR = 1.0924) and select Q = 0 in (5b). Since a statistically significant difference be-

tween the mean values of the control and treatment cases was found for λS (Table 7), we

select the initial value for λS to coincide with that of the control case (λS = 1.0807) and

choose P to coincide with the relative difference (P = 0.0893) between the inferred values

of λS of the treatment versus control cases.
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Figure 5: Sampled parameter distributions for the susceptible (SKOV3) cell line growth

model parameters without interaction (aSR = aRS = 0 in (1)). Growth (left column), Satu-

ration (middle column) and initial value (right column) parameters.

Significant differences were found between the mean values of control versus treat-

ment for both of the saturation parameters KR and KS (Table 5 and Table 7). Namely, KR

decreased slightly while KS increased slightly. However, the relative change was so small

that N = 29 treatments would be needed to decrease KR by 1% of its initial value while

N = 17 treatments would be needed to raise KS by 0.226% to its theoretical maximum of

100. Since our reference clinical trials used a maximum of nine treatments [36], we neglect

the small changes in the saturation parameters and choose KR and KS to coincide with the

mean values inferred from the control case growth data (KR = 99.7245 and KS = 99.7741,

respectively). The inferred values used in the model are reported in Table 3.

3.2 Existence of positive equilibrium

Identifying positive equilibrium is a central tenet in understanding long-term behavior of

interacting populations; in the hybrid pulsed chemotherapeutic model presented in Sec-

tion 2.3, these populations are precisely sensitive and resistant cancer cells. To establish

conditions on the existence of positive equilibrium, we considered two cases. The first of
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which is when the inter-specific competition effect of R on S and of S on R multiply to 1, in

other words, when aSRaRS = 1. However, before we examine this case, we provide a nec-

essary condition for the existence of a positive equilibrium of the aforementioned model.

See Appendix A for the proofs of the results contained in this subsection.

Theorem 1. If the hybrid pulsed chemotherapeutic model contains a positive equilibrium,

then

λST − ln

(

1

1− p

)

> 0 and λRT − ln

(

1

1−q

)

> 0.

Returning to the case where aSRaRS = 1, the resulting system of equations (see Ap-

pendix A equation (7)) exhibit linear dependence; using this, we establish an additional

necessary condition for the existence of positive equilibrium.

Theorem 2. Suppose aSRaRS = 1, then the hybrid pulsed chemotherapeutic model has no

positive equilibrium if

KRλSaSR

λRKS

(

λRT − ln

(

1

1−q

))

̸= λST − ln

(

1

1− p

)

or equivalently

λRT − ln

(

1

1−q

)

̸=
λRKSaRS

KRλS

(

λST − ln

(

1

1− p

))

.

In the case where aSRaRS ̸= 1, we are able to establish a stronger result; a condition that

is not only necessary but also sufficient.

Theorem 3. Let aSRaRS ̸= 1. The hybrid pulsed chemotherapeutic model contains a posi-

tive equilibrium if and only if

aRSaSRλS

KS

(

λRT − ln

(

1

1−q

))

>
aRSλR

KR

(

λST − ln

(

1

1− p

))

>
λS

KS

(

λRT − ln

(

1

1−q

))

for aRSaSR > 1, or

aRSaSRλS

KS

(

λRT − ln

(

1

1−q

))

<
aRSλR

KR

(

λST − ln

(

1

1− p

))

<
λS

KS

(

λRT − ln

(

1

1−q

))

for aRSaSR < 1.

By substituting all except the inter-specific competition effect parameters with values

from Table 3, the inequalities in Theorem 3 are reduced to

aRSaSR > 0.9372aRS & 0.9372aRS > 1
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for aRSaSR > 1, or

aRSaSR < 0.9372aRS & 0.9372aRS < 1

for aRSaSR < 1.

Therefore, from the results above, we have established a necessary condition for the

existence of positive equilibrium regardless of the value of aSRaRS. Moreover, in the case

where the product aSRaRS equals 1, we established another necessary condition. Further-

more, in the case where aSRaRS ̸= 1 we were able to establish not only a necessary condition

but also sufficient; this provides a characterization for the existence of positive equilibrium

in the case where the product aSRaRS is not equal to 1.

3.3 Hybrid model computational analysis

The presence of different cell types in a system requires some limiting effect on one cell due

to the presence of the other. We quantify these effects as inter-specific competition rates

of the resistant cells R on the sensitive cells S (aSR) and S on R (aRS). Parameter sweeps

of (aSR,aRS) combinations adding up to 40,000 are explored to assess the behavior of each

cell type in community. The figures below are based on these parameter explorations with

15 sampled initial conditions, and average posterior growth rates and carrying capacities.

Specifically, figures 6 and 7 show characterizations of extinction, persistence (positive non-

zero fixed point), and exclusion possibilities for at least one initial condition y0. With

exclusion specifically, we report the possibility of a population heading to a behavior and

the other population not heading to the same. For example, to report R-exclusion from

extinction, we check where S goes extinct and R does not for at least one out of 15 y0s,

implying that R goes to a fixed point or exhibits a cyclic behavior in which it is still changing

over the entire treatment course.
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(a) (b)

Figure 6: Bifurcation map of long-term possibilities of extinction (7a) and persistence (7b)

of tumor cells in an inter-specific competition space where 15 initial conditions are con-

sidered. Red boundary on both figures represent the region where Theorem 3 is satisfied.

"None" represents points where behavior is absent. "S-only" represents points where only

the sensitive cells (S) show possibilities. "R-only" points where only the resistant cells (R)

show possibilities. "S- and R- only" represents points where both S and R show possibili-

ties. "S- or R- only" represents points where either S or R show possibilities.

The bifurcation heatmaps in Figure 6 represent asymptotic cell population dynamics

under competition. That is, the maps show the possibility of extinction (Figure 6a) and

persistence (Figure 6b) of S and R, for 500 treatment cycles (∼ 30 years of 21-day interval

treatments) as aSR increases from left to right and aRS increases from bottom to top. The

rates increase from 0.01 to 2 at a 0.01 step size. This map particularly reports terminal

behavior by considering the population dynamics in the terminal 100 treatment administra-

tions. In Figure 6a, the purple "None" region where aSR ∈ [0.01,0.93] and aRS ∈ [0.01,1.06]
indicates the parameter space where none of the cell populations show possibilities of ex-

tinction together or individually. This parameter space colored teal "S- and R-only" in

Figure 6b presents possibilities of coexistence fixed points for both S and R. The red

line bounding this region represents the parameter space that satisfies the condition from

Theorem 3 which is necessary and sufficient for the existence of a positive equilibrium.

Next is the blue "S-only" region in Figure 6a that represents the competition parameters

aSR ∈ [0.94,2] and some aRS ∈ [0.01,1.09] where only S goes extinct for at least one y0.

The corresponding region in Figure 6b shows that only R reaches a positive fixed point

in this parameter space, a behavior we define as S-exclusion, seeing as R excludes S from

heading to a non-zero fixed point in the system. We see that the region where R goes extinct

alone (light yellow "R-only" region) in Figure 6a is where S excludes R in Figure 6b (blue

"S-only" region). This happens for some aSR ∈ [0.01,1.25] and all aRS ∈ [1.07,2] in Figure

6b. The yellow regions in both maps represents points where either S excludes R or vice

versa from extinction (Figure 6a) or persistence (Figure 6b), highlighting a mutually ex-

clusive bistable dynamics between both populations driven by different initial conditions.

Figure 6a reports a zero possibility of both cells going extinct together.
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(a) (b)

Figure 7: Bifurcation map of 9-treatment-cycle possibilities of extinction (7a) and persis-

tence (7b) of tumor cells in an inter-specific competition space where 15 initial conditions

are considered. "None" represents points where behavior is absent. "S-only" represents

points where only the sensitive cells (S) show possibilities. "R-only" points where only the

resistant cells (R) show possibilities. "S- and R- only" represents points where both S and R

show possibilities. "S- or R- only" represents points where either S or R show possibilities.

"S-only or Both" represents points where either S or both S and R show possibilities. "S-

or R- only" represents points where either R or both S and R show possibilities.

Here, we see the possibility of extinction (Figure 7a) and persistence (Figure 7b) of

S and R, for 9 treatment cycles (∼ 5− 6 months of treatment). Though Figure 7a map

has a 4-quadrant behavior like the long-term extinction possibilities in 6, the purple region

which classifies non-extinction possibilities in this 9-treatment-cycle map is larger with

more parameters that result in a positive solution: aSR ∈ [0.01,1.38] and aRS ∈ [0.01,1.37].
Not all these positive solutions are however positive fixed points as in Figure 7b). That is,

this positive solution region diversifies into mutual fixed point possibilities and exclusion

from fixed point possibilities. Both cell populations only coexist stably for some aSR ∈
[0.01,0.9) and some aRS ∈ [0.01,1.04). Some of these fixed point regions also report partial

R-exclusion (orange region labeled "S-only or Both") or partial S-exclusion (green region

labeled "R-only or Both"). These exclusion behaviors particular appear near the actual

majority exclusion region. That is, "S-only or Both" appears closer to the top blue "S-only"

space, while "R-only or Both" occurs near the teal "R-only" space. The butterfly-like purple

"None" region represents parameter combinations where the population solutions are still

cycling between more than one positive value over the treatment course instead of a fixed

point. This part of the parameter space eventually settles into coexistence or exclusion of

the populations long-term as in Figure 6b. In both figures, the yellow mutually exclusive

"S- or R-only" parameter spaces are notably unequal in size. This is because for some

aSR ∈ (1.3,1.47) and some aRS ∈ (1.2,1.38) which fall in the "None" region in Figure

7a, S and R also go to a fixed point or more non-zero positive solutions for some initial

conditions. Therefore Figure 7b reports a mutually exclusive dynamics of one or more
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positive solutions for these competition values.

(a) aSR = 0.5, aRS = 1.6 (b) aSR = 1.5, aRS = 0.6

Figure 8: Trajectory plots of tumor cells’ abundance over time with 100 posterior sam-

ples of parameters (blue) vs their mean (red) for parameter sets (aSR,aRS) = (8a) :

(0.5,1.6), (8b) : (1.5,0.6). For each figure, left panel represents the sum of the individual

solutions in the middle and right panels, middle panel represents solutions for S population

and the right panel represents the solutions for the R population.

Figure 8 shows the solution trajectories of different parameters sets sampled from the

posterior against the mean of the draws. These parameter pairs were selected from the ex-

clusion regions labeled 8a and 8b in Figure 7b to show how the solutions of 100 sampled

initial conditions between 0 and 40 and growth-capacity combinations align with the behav-

ior reported in Figure 7. Each figure recovers the expected behavior from the fixed point

map. That is, Figure 8a which displays solutions with low competition effect of R on S

(aSR = 0.5) and high competition effect of S on R (aRS = 1.6) shows R-exclusion. Contrar-

ily, Figure 8b which displays solutions with high competition effect of R on S (aSR = 1.5)

and low competition effect of S on R (aRS = 0.6) shows S-exclusion.
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(a) aSR = 1.5, aRS = 1.6 (b) aSR = 1.4, aRS = 1.3

(c) aSR = 1, aRS = 1 (d) aSR = 0.3, aRS = 0.3

Figure 9: Trajectory plots of tumor cells’ abundance over time with 100 posterior sam-

ples of parameters (blue) vs their mean (red) for parameter sets (aSR,aRS) = (9a) :

(1.5,1.6), (9b) : (1.4,1.3), (9c) : (1,1), (9d) : (0.3,0.3). For each figure, left panel rep-

resents the sum of the individual solutions in the middle and right panels, middle panel

represents solutions for S population and the right panel represents the solutions for the R

population.

Figure 9 shows the solution trajectories for parameter pairs selected from the regions

labeled 9a to 9d in Figure 7b. In Figure 9a, inter-specific competition effects (aSR =
1.5, aRS = 1.6) lead to mutual exclusivity of either S-exclusion or R-exclusion, with the

mean solution also being R-exclusion. Mid-parameter space exploration seen in Figure 9c

(aSR = aRS = 1) shows how both cell population solutions keep changing values through-

out the treatment course instead of reaching a positive non-zero fixed point, while the mean

parameter values lead the overall population to S-exclusion. Figure 9b’s parameter pair

(aSR = 1.3, aRS = 1.3) also display similar behavior as Figure 9c, where some initial con-

ditions leads to cell populations taking more days to settle into fixed points or exclusion as

we see with the mean parameters’ solution. Low competition effect of R on S (aSR = 0.5)

and S on R (aRS = 0.6) as seen in Figure 9d leads to stable fixed point for all samples. All

parameter pairs report totals that are close to 100% with S+R > 100% when aSR = 0.5 and

aRS = 0.6.
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3.4 Effective treatment implications on cell growth

Statistical analysis from section 3.1.3 showed that treatment may alter cell growth signif-

icantly. Motivated by this result, we update our model from section 2.3 by considering

additional discrete-time dynamics to show how the growth rate of drug-sensitive cells (S)

is affected by treatment. For all these cases, we assume this treatment effect on cell growth

is independent of treatment concentration. Please refer to Tables 3, 5 and 7 for parameter

values.

Case (a): S starts growing at the initial growth rate λS (control) = 1.0807 and then

peaks at rate λS (treated) = 1.1772 of S for the remaining treatment pulses. Similarly, R

starts growing at the initial growth rate λR (control) = 1.0924 and then heads to the rate

λR (treated) = 1.0888 of R for the remaining treatment pulses. (See Equation 5a and Figure

10a).

Case (b): The change in growth dynamics for this case is described in section 3.1.4.

That is, S starts growing at the initial rate λS (control) = 1.0807 and increases at a constant

rate P = 0.0893 at each treatment pulse, where P is the statistically significant percentage

difference between the growth dynamics of control vs treated data. R, however, grows at

the constant rate λR (control) = 1.0924 due to the changes in growth dynamics of control

vs treated data being statistically insignificant. (See Equation 5b and Figure 10b).

Case (c): The resistant cell lines used in the experiment attained resistance by con-

tinuous exposure to treatment. This motivated the assumption that the growth of S tends

to R in theory. Therefore, to obtain a smooth approximation of the treatment effect on λS

(see Equation 5c and Figure 10c), we fit a quadratic polynomial pol(x) = polC0+polC1 x+
polC2 x2 to the observed growth parameters, where polC is the coefficient of the polyno-

mial.

The discrete-time equations for the three cases are written as:

λST+1
= 1.0807 for t = 1 and λST+1

= 1.1772 for t = 2, · · · ,9

λRT+1
= 1.0924 for t = 1 and λST+1

= 1.0888 for t = 2, · · · ,9
(5a)

λST+1
= 1.0893 ·λS(T

−)

λRT+1
= 1.0924

(5b)

λST+1
= polC0+polC1 ·i+polC2 ·i

2, i = 1, · · · ,9

λRT+1
= 1.0924 for t = 1 and λST+1

= 1.0888 for t = 2, · · · ,9
(5c)
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(a) (b) (c)

Figure 10: The growth rate λS of the sensitive cells S is represented with solid red lines,

and the growth rate λR of the resistant cells R is represented with dashed blue lines.

Panel (a) corresponds to case (a) described above: [λS,λR] = [1.0807,1.0924] for the first

treatment cycle t = 1 before treatment starts on day 21, and they reach maximum val-

ues [1.1772,1.0888] for t = 2, · · · ,9 (days 22 - 189). Panel (b) corresponds to case (b):

[λS,λR] = [1.0807,1.0924] when t = 1, and λS increases by 8.93% at each t = 2, · · · ,9
(days 22 - 188) while λR has no significant change. Panel (c) corresponds to case (c):

[λS,λR] = [1.0807,1.0924] when t = 1. When t = 2, · · · ,9, λS approaches λR = 1.0888

smoothly, with the stepwise behavior approximated using a quadratic polynomial.
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(a) (b)

(c) (d)

Figure 11: Bifurcation map of 9-treatment-cycle possibilities of tumor cells in an inter-

specific competition space that incorporates growth changes between treatment adminis-

trations with 15 initial conditions considered. "None" represents points where behavior is

absent. "S-only" represents points where only sensitive cells (S) shows possibilities. "R-

only" represents points where only resistant cells (R) shows possibilities. "S- and R- only"

represents points where both S and R show possibilities. "S- or R- only" represents points

where either S or R show possibilities. "S-only or Both" represents points where either S

or both S and R show possibilities. "S- or R- only" represents points where either R or both

S and R show possibilities. Panel (a): After first treatment cycle, both cells’ growth rates

peak at their respective post-treatment growth rates. Panel (b): Growth rate λS of S changes

at the percentage P = 0.0893 after each treatment pulse. Panel (c): Growth rate λS changes

at each treatment pulse based on a quadratic polynomial model approximation. Panel (d):

Reference result from Figure 7b which uses constant growth rates given in Table 3.

Figures 11a, 11b and 11c correspond to cases (a), (b) and (c) respectively from above.

The three cases of growth alteration head to the same behavior long-term as in Figure 6b.

However, case (b) appears to head faster to the asymptotic behavior unlike the other cases,

while case (a) appears the slowest. The behavior observed in case (a) model also signif-

24



icantly mirrors that in base model as in Figure 11d. Comparing coexistence regions, the

three cases show significant differences in the behavior with case (a) allowing for more

competition coefficients where both cells coexist in addition to competitive exclusion and

case (b) reports the least possibilities. That is, all cases of growth alterations show similar

possibilities of only coexistence, but the growth alteration in case (a) leaves room for more

coexistence opportunities while case (b) reports more competitive exclusion possibilities.

4 Discussion

A key path to exploring mixed-time interactions accurately is by accounting for the hy-

brid dynamics within these systems. This includes representing hybrid processes as is.

Applications which are often a combination of continuous dynamics and periodic interven-

tions, like ecological management, agricultural pest control, resource harvesting, or disease

treatment, can be fully analyzed with all components intact. In this work, we presented a

computational stability analysis framework for hybrid models of continuous and discrete

processes, in combination with statistical parameter inference and numerical bifurcation

analysis. We combined this methodological study with an illustrative application to cancer

treatment and show how our approach can efficiently characterize system behaviors across

parameter spaces, without analytical derivations that are often infeasible. To account for the

instability that arises from discrete events being sensitive to the starting points of systems,

we also incorporated multiple initial states of our focus system for more robust characteri-

zation of behaviors.

In our illustrative example with competing cancer cells, the asymptotic map (500 treat-

ment cycles) depicts the system’s long-term behavior if a patient received 500 periodic

treatments on a continuous course. Although this is clinically impossible, the results pro-

vide a long-term direction of shorter clinically-relevant cycles like the 9 treatment cycles

plan. Observing this long-term outcomes helps establish the principle: if hybrid models can

capture a system’s mechanisms, computational stability analysis can reveal how variables

like growth and competition dynamics determine outcomes. The absence of co-extinction

regions across all results would indicate that complete tumor eradication is unlikely under

the modeled growth and treatment protocol. The fixed point possibilities region reported

by the 500-cycle treatment regimen shows stable coexistence of the cell populations long-

term as proven by Theorem 3 which characterizes the existence of a positive solution for

the hybrid model. These regions of stable coexistence could be interpreted as cells be-

ing able to collectively repair and reproduce rapidly, with neither population driving the

other extinct. On the other hand, the 9-cycle treatment regimen reporting fixed point pos-

sibilities revealed complex parameter regions for similar competition parameters as the

asymptotic result. These points in the shorter treatment protocol result in mostly stable

coexistence with competitive exclusion dependent on initial condition, where the latter is
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an area of sensitivity for discrete processes. Statistical analysis from Section 3.1.2 and

3.1.3 also show the persistent behavior of the sensitive cells (S) where treatment is known

to increase the rate of rebound due to mechanisms like an increased metastasis rate and

developing resistance in susceptible cells that survive. This might explain P and Q (Table

3), where Q (CP20) shows no further change while P reflects a flux of effects. Further-

more, we also observe other predictable behaviors in the 9-cycle treatment regimen. The

initial conditions in this regimen corresponding to different post-surgical residual disease

states showed slower growth trajectories at lower starting densities, as would be expected

clinically. However, this 9-cycle model also predicts rebounds to stable states or capacity

after treatment cessation, consistent with clinical observations of recurrence. This can be

interpreted as treatment failure or relapse depending on the initial tumor state of a patient.

Such hypothetical interpretations demonstrate how computational stability analysis, when

applied to appropriately validated models, could inform decision-making about the timing,

intensity, or combinations of pulse events.

The key limitation remains model fidelity: our framework can efficiently analyze model

behavior, but cannot compensate for biological mechanisms not represented in the model

structure. This is because our hybrid cancer model is a simplified illustration chosen for

its clear mathematical structure and accessible parameterization from available data, to

demonstrate how our computational methods can extract insights from hybrid models when

analytical results are already intractable. Although we can find the non-trivial existence of

positive equilibria for our model as seen in Section 3.2 and Appendix A, we cannot estab-

lish clinically sound stability conditions due to model limitations. In real cancer literature,

models are considerably more sophisticated in describing tumor dynamics mechanisms far

more complex than our two-population competition model. For example, existing models

that account for both sensitive and resistant subpopulations have shown how treatment in-

tensity and scheduling [15], growth and functionality of immune cells under changing diets

[20], cell facilitation [27], cell-level competition [23, 37] and genetic alterations [31] drive

coexistence, exclusion, or dominance of resistant cells. These recent works [23, 37] empha-

size that tumor heterogeneity and localized conditions strongly shape resistance pathways,

and also buttress the importance of models that can account for multiple interacting scales

[31] and immunosuppression [28, 33]. Our four-quartet methodology consisting of hy-

brid models, Bayesian parameter inference, statistical and computational stability analysis

provides a more realistic way of parameterizing and exploring continuous processes and

discrete events from experimental data in cancer dynamics, which should be paired with

increasingly sophisticated models.

The computational stability analysis framework presented here is not specific to cancer

models and can be applied to any hybrid dynamical system where discrete events punctuate

continuous dynamics. Potential applications include: seasonal wildlife management with

periodic culling or stocking, agricultural systems with scheduled pesticide or fertilizer ap-

plication, infectious disease control with vaccination campaigns, and fisheries with harvest
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seasons. Our method can efficiently map how different drivers of these systems interact

to give rise to different outcomes, from transient to long-term. Ongoing studies with this

method updates the framework to be adaptive to the size and drivers of different systems,

therefore allowing for descriptions of much more complex scenarios. Future methodologi-

cal extensions could incorporate characteristics such as spatial structures and stochasticity

that account for fluctuations in biological and environmental continuous-discrete processes.

With the cancer illustration in particular, extensions can scale to integrate immune cells dy-

namics and combination or sequential therapies to study how these updates can possibly

eliminate tumor cell populations. Step-by-step updates could be in the form of studying

cell-cell interactions like [23, 37] and adhesion [10] in relation to the movement of cells

and cancer takeover. That is, by simulating neighborhood cell-level competition, we can

test if the coexistence and exclusion patterns observed in our results appear after relaxing

the assumption of well-mixed tumor cells population in this adjuvant setting. Further break-

through work can extend to inform unique parameters and hybrid models with individual-

level data that accounts for the heterogeneity of different tumor populations, so that ad-

justments to treatment cycles and parameters can be explored to assess treatment responses

and outcomes. Overall, this work contributes broadly to establishing computational stabil-

ity analysis as an accessible and powerful tool for studying hybrid models across applied

interdisciplinary domains, circumventing the often-prohibitive analytical challenges these

systems present.
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A Model Analysis

Manipulating terms form (1) and (2), we immediately conclude that

STt+1

STt
=

(1− p)S(T−)

S(0)

RTt+1

RTt
=

(1−q)R(T−)

R(0)
.

(6)

Moreover, multiplying dS/ds in (1) by 1/S and integrating the product from 0 to T we

obtain

∫ T

0

dS

ds

1

S
ds =

∫ T

0

(

λS−
λS

KS

S−
λSaSR

KS

R

)

ds

= λST −
λS

KS

S−
λSaSR

KS

R
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where S =
∫ T

0 Sds and R =
∫ T

0 Rds. Following an identical procedure as above, for dR/ds

in (1), results in a similar expression
∫ T

0

dR

ds

1

R
ds =

∫ T

0

(

λR−
λRaRS

KR
S−

λR

KR
R

)

ds

= λRT −
λRaRS

KR
S−

λR

KR
R.

Combining the above equalities yields the following system of equations

ln

(

S(T−)

S(0)

)

= λST −
λS

KS

S−
λSaSR

KS

R

ln

(

R(T−)

R(0)

)

= λRT −
λRaRS

KR
S−

λR

KR
R.

(7)

It follows from (6) that the model described in (1) and (2) contains a positive equilibrium

if and only if the following system has a positive solution.

ln

(

1

1− p

)

= λST −
λS

KS

S−
λSaSR

KS

R ⇐⇒ 0 = λST − ln

(

1

1− p

)

−
λS

KS

S−
λSaSR

KS

R

ln

(

1

1−q

)

= λRT −
λRaRS

KR
S−

λR

KR
R ⇐⇒ 0 = λRT − ln

(

1

1−q

)

−
λRaRS

KR
S−

λR

KR
R

There are observations one can make regarding the system above. The first of which is the

following; suppose that the system is not linearly independent, in particular, let the second

equation be a constant multiple of the first. It then follows that

λS

KS

= k

(

λRaRS

KR

)

and
λSaSR

KS

= k

(

λR

KR

)

from which we conclude that aSRaRS = 1. An identical argument shows that aSRaRS = 1 in

the case where the first equation is a constant multiple of the second. Therefore, the con-

dition that the product aSRaRS is equal to 1 is a necessary condition for the equations to be

linearly dependent. The additional observations are contained in the subsequent theorems.

Theorem 4. If the system of equations

0 = λST − ln

(

1

1− p

)

−
λS

KS

S−
λSaSR

KS

R

0 = λRT − ln

(

1

1−q

)

−
λRaRS

KR
S−

λR

KR
R

contains a positive solution, then

λST − ln

(

1

1− p

)

> 0 and λRT − ln

(

1

1−q

)

> 0.
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Proof. We prove this by the contrapositive. Suppose that λST − ln
(

1
1−p

)

≤ 0 or λRT −

ln
(

1
1−q

)

≤ 0. Since all of the parameters in the model are assumed to be positive, if both

expressions are negative, it follows that at least one of S or R is negative. Furthermore,

notice that if either expression is 0, it immediately follows again that one of S or R is

negative. Now, suppose that λST − ln
(

1
1−p

)

< 0 and λRT − ln
(

1
1−q

)

> 0, it follows that

one of S or R is 0 or negative, and thus, not positive. An identical observation can be

made for the case λRT − ln
(

1
1−q

)

< 0 and λST − ln
(

1
1−p

)

> 0; therefore, if either λST −

ln
(

1
1−p

)

≤ 0 or λRT − ln
(

1
1−q

)

≤ 0, it follows that the system does not contain a positive

solution.

A.1 Analysis of the case aSRaRS = 1

In light of the aforementioned discussion regarding a necessary condition for the linear

dependence of (7), we proceed to analyze (1)-(2) in cases. We first consider the situation

in which the product aSRaRS = 1, and provide a necessary condition for (1)-(2) to contain a

positive equilibrium.

Theorem 5. Suppose aSRaRS = 1, then the model has no positive equilibrium if

KRλSaSR

λRKS

(

λRT − ln

(

1

1−q

))

̸= λST − ln

(

1

1− p

)

or equivalently

λRT − ln

(

1

1−q

)

̸=
λRKSaRS

KRλS

(

λST − ln

(

1

1− p

))

.

Proof. Let aSRaRS = 1 and recall that the model has a positive equilibrium if and only if

the following system has a positive solution

0 = λST − ln

(

1

1− p

)

−
λS

KS

S−
λSaSR

KS

R

0 = λRT − ln

(

1

1−q

)

−
λRaRS

KR
S−

λR

KR
R.

Multiplying the second equation by
−KRλSaSR

λRKS
we obtain

0 = λST − ln

(

1

1− p

)

−
λS

KS

S−
λSaSR

KS

R

0 =−
KRλSaSR

λRKS

(

λRT − ln

(

1

1−q

))

+
λSaRSaSR

KS

S+
λSaSR

KS

R.
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Adding the two equations together, it follows that

0 =

(

λST − ln

(

1

1− p

))

−
KRλSaSR

λRKS

(

λRT − ln

(

1

1−q

))

.

Hence, if
KRλSaSR

λRKS

(

λRT − ln

(

1

1−q

))

̸= λST − ln

(

1

1− p

)

the system has no solutions, in particular, no positive solutions.

When system (7) exhibits linear dependence, we are able to explicitly identify a nec-

essary condition for the existence of a positive equilibrium for (1)-(2). Establishing such

a condition significantly reduces the parameter space that must be examined when one is

interested in investigating the existence of positive equilibria. We also analyze the case

where aSRaRS ̸= 1 a provide similar results presented above.

A.2 Analysis of the case aSRaRS ̸= 1

By Theorem 4 we need only take λST − ln
(

1
1−p

)

> 0 and λRT − ln
(

1
1−q

)

> 0. In this

case, we provide a characterization on the existence of a positive equilibrium for the model

(1)-(2) for both situations where aSRaRS < 1 and aSRaRS > 1.

Theorem 6. Let aSRaRS ̸= 1. The system contains a positive equilibrium if and only if

aRSaSRλS

KS

(

λRT − ln

(

1

1−q

))

>
aRSλR

KR

(

λST − ln

(

1

1− p

))

>
λS

KS

(

λRT − ln

(

1

1−q

))

for aRSaSR > 1, or

aRSaSRλS

KS

(

λRT − ln

(

1

1−q

))

<
aRSλR

KR

(

λST − ln

(

1

1− p

))

<
λS

KS

(

λRT − ln

(

1

1−q

))

for aRSaSR < 1.

Proof. (→) Suppose there exists a positive equilibrium, then,

STt+1

STt
= 1

RTt+1

RTt
= 1.
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Therefore, we have the following system of linear equations

ln

(

1

1− p

)

= λST −
λS

KS

S−
λSaSR

KS

R

ln

(

1

1−q

)

= λRT −
λRaRS

KR
S−

λR

KR
R.

We can rewrite the system above as

bS+ cR = a

gS+ f R = d

where a = λST − ln
(

1
1−p

)

,d = λRT − ln
(

1
1−q

)

,b = λS

KS
,c = λSaSR

KS
, f = λR

KR
and g = aRSλR

KR
.

This is a consistent system of linear equations and, hence, has a unique solution. Solving

this system of equations gives

S =
cd−a f

cg−b f
, R =

ag−bd

cg−b f

where cg−b f ̸= 0 i.e.,

aSRλS

KS

aRSλR

KR
−

λS

KS

λR

KR
̸= 0⇐⇒ (aSRaRS−1)

λSλR

KSKR
̸= 0.

Since we assumed that there exists a positive equilibrium, it follows that S,R > 0. More-

over, since all of the parameters are assumed to be positive, there are two situations to

consider, either aSRaRS > 1 or aSRaRS < 1. Let us first consider the case where aSRaRS > 1;

in this case, cg−b f > 0 therefore, cd−a f > 0 i.e.,

aSRλS

KS

(

λRT − ln

(

1

1−q

))

>
λR

KR

(

λST − ln

(

1

1− p

))

.

Similarly for R, we have that ag−bd > 0 i.e.,

aRSλR

KR

(

λST − ln

(

1

1− p

))

>
λS

KS

(

λRT − ln

(

1

1−q

))

.

These two inequalities are equivalent to the following chain of inequalities by multiplying

the inequality for S by aRS

aRSaSRλS

KS

(

λRT − ln

(

1

1−q

))

>
aRSλR

KR

(

λST − ln

(

1

1− p

))

>
λS

KS

(

λRT − ln

(

1

1−q

))

.
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An analogous argument for the case where aSRaRS < 1 shows that

aRSaSRλS

KS

(

λRT − ln

(

1

1−q

))

<
aRSλR

KR

(

λST − ln

(

1

1− p

))

<
λS

KS

(

λRT − ln

(

1

1−q

))

.

(←) Suppose first that aSRaRS > 1, and take

S =
cd−a f

cg−b f
> 0 and R =

ag−bd

cg−b f
> 0.

Since S and R do not change signs, and both S > 0 and R > 0, it follows that S and R are

positive. An analogous argument holds for the case aSRaRS < 1.

When system (7) exhibits linear independence, we again are able to explicitly identify

not only a necessary condition, but also a sufficient condition for the existence of a positive

equilibrium for (1)-(2). Establishing such a characterization again narrows the parameter

space that must be examined when investigating the existence of positive equilibria. In both

situations, aSRaRS = 1 and aSRaRS ̸= 1, we were able to identify necessary conditions for the

existence of positive equilibria for (1)-(2). Moreover, in the latter case, the parameter space

can be further restricted by demonstrating that the necessary condition is also sufficient,

thereby providing a characterization for the existence of positive equilibria.

B Hierarchical parameter inference for a cell population

growth model

The logistic model equation, c.f. (3), contains three parameters: a growth rate (λ ), a satura-

tion coefficient (K) and an initial value (P0). To determine the parameters from experimen-

tal data, we use Bayesian inference [1]. In this section, we briefly overview our Bayesian

inference procedure for the interdisciplinary reader; comprehensive resources are readily

available [11]. To introduce the requisite concepts, we begin with our approach to the prob-

lem of inferring the mathematical model parameters, of (3), for a single well experiment

and then extend that view to the multi-well case using hierarchical inference.

B.1 Inferring model parameters for a single-well confluence experi-

ment

At a high level, Bayesian inference can be understood as learning a probability distribution,

using observed experimental data (examples shown in Figure 1), for each of the model

parameters such that the resulting statistics for the data generated by our logistic model are
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in good agreement with the experimental data. The foundation of Bayesian inference is

Bayes’ theorem

P(θ |X) =
P(X |θ)P(θ)

P(X)
, (8)

where θ represents the vector of model parameters, i.e. θ = (K,λ ,P0) in the current work,

and X is the observed experimental data. In (8), P(θ) represents our prior assumptions on

the parameters and P(X |θ) is called the likelihood and represents the probability of seeing

the data X given a choice of parameters θ . Let F(t;θ ) signify the logistic model, e.g. (3),

with the parameters determined by a choice of θ = (K,λ ,P0) and let X denote the vector

of observed experimental data, i.e. the confluence percentage corresponding to each time

point, from a single well in a full plate experiment. To infer the posterior distributions of

the parameters θ = (K,λ ,P0) given a single well’s experimental data, we assume that the

experimental data coincides with the logistic function up to some measurement noise and

we use an additive Gaussian error model to determine the likelihood function [34]. This

model assumes that errors are independent, additive and normally distributed; in particular,

for each time t j, the model assumes that

Xt j
−F(t j;θ) = εt j

∼ N(0,σE), (9)

where Xt j
is the observed data at time point t j, F(t j;θ) is our mathematical model predic-

tion, using the parameters θ , at time t j, εt j
represents the sampling noise and time t j and

σ2
E is a variance that is the same for all time points. Thus, the distribution of X , subject to

the parameter choice of θ , can be shown, using independence and that Xt j
is the sum of a

Gaussian random variable (εt j
) and a constant (F(t j;θ)), to be

P(X |θ)∼ N (µ = F(t;θ),σ = σE) , (10)

which we selected as our likelihood function and use in the numerator of the right-hand

side of (8). For the joint prior distribution, P(θ) = P(K,λ ,P0) in (8), a typical assumption

is that the individual parameters are independent so that

P(K,λ ,P0) = P(K)P(λ )P(P0). (11)

Though (11) may not be true in all biological models, for instance if a correlation is ob-

served between growth rate (λ ) and carrying capacity (K), it is a common assumption in

practice.

Prior distributions are typically selected to be weakly informative. A weakly informa-

tive prior offers some guidance without overly constraining the search space of a Monte

Carlo sampling algorithm. The guidance is typically gleaned from expert knowledge. For

instance, one may select a truncated normal for P(K) that reflects the fact that 0≤K ≤ 100.

An awareness that λ is almost always experimentally approximated to be in [0,2] could be
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Figure 12: Bayesian inference for parameter posterior distributions; hyperparameters are

shown connected with colored lines to their parent parameter. Single inference (bottom

row) uses well data from one experiment to infer parameter posteriors. Hierarchical in-

ference (top row) uses well data from multiple experiments to infer posterior distributions

for hyperparameters, like the hyper-mean (Kµ ) and hyper-standard deviation (Kσ ), for the

underlying parameter (K) distributions.

reflected by a weakly informative prior such as P(λ ) ∼ N(0,10) with a truncation to en-

force a lower bound of 0 ≤ λ and so forth. Following these assumptions, the likelihood

(10) and individual prior densities, P(K), P(λ ) and P(P0), would each then be specified

in software using some statistical programming library, like PyMC [25]. PyMC, and its

counterparts, allows the posterior P(θ |X) to be computed using Monte Carlo sampling al-

gorithms, thus avoiding the need to compute P(X), the problematic term to compute in (8),

directly.

B.2 Inferring model parameters for a multiple-well confluence exper-

iment

The problem of inferring the hierarchical structure of logistic well-growth dynamics can be

understood as assuming that each of the parameters, governing the growth in individually

observed wells, represent draws from some underlying distribution whose parameters are

unknown. For instance, in a 3-well control experiment, the parameters governing the indi-

vidual well growth dynamics can be written together as θ =(K1,K2,K3,λ1,λ2,λ3,P01
,P02

,P03
)

and the individual parameters, like K1, K2 and K3, are assumed to be draws from some un-

derlying distribution. One might assume, for illustration, that each of the K j are draws

from a normal distribution with common mean Kµ and common variance Kσ ; that is
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K j ∼N(µ = Kµ ,σ = Kσ ) for j = 1,2,3. The parameters λ j and P0 j
may also follow similar

assumptions. In this case, the parameters φ =
(

Kµ ,Kσ ,λµ ,λσ ,P0µ ,P0σ

)

are referred to as

hyperparameters of the hierarchical model (Figure 12). The objective of the practitioner,

using a hierarchical inference method, is typically to determine the set of hyperparameters,

φ , from the experimental data though all of the parameters, in both θ and φ , are inferred in

practice. In the hierarchical case, we may write (8) as

P(θ ,φ |X) =
P(X |θ ,φ)P(θ ,φ)

P(X)
. (12)

Just as in the single inference case, the Gaussian error model (9) produces the hierarchical

likelihood,

P(X |θ ,φ)∼ N(µ = F(t;θ ,φ),σ = σE) (13)

where F(t;θ ,φ) denotes the outcome of the logistic model (3) pursuant to the parame-

ters (θ ) determined from a choice of hyperparameters (φ ). Let θ1 = (K1, . . . ,Kn), θ2 =
(λ1, . . . ,λn) and θ3 = (P01

, . . . ,P0n
). In (12), P(θ ,φ) is a joint prior and a decision must be

made as to its form. A common approach is factor the joint prior using the identity

P(θ ,φ) = P(θ |φ)P(φ), (14)

and to make a choice as to the right-hand side terms. In our case we once again use the

independence assumption for P(φ) to get

P(φ) =
3

∏
i=1

P(φi,1)P(φi,2)

= P(Kµ)P(Kσ )P(λµ)P(λσ )P(P0µ )P(P0σ ). (15)

In practice, each of the priors in (15) was implemented in PyMC as weakly informative

(Table 2) and the parameter likelihood, P(θ |φ) in (14), is determined by specifying the

individual conditional distributions P(θi |φi,1, φi,2) for i = 1,2,3 as shown in Table 2; for

example, P(K |Kµ ,Kσ ) ∼ N(µ = Kµ ,σ = Kσ ). PyMC then computes (14) automatically,

from these individual expressions, using independence assumptions.
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